
0BB@ dv11(t) dv21(t)

dv12(t) dv22(t)

1CCA =

0BB@ 0 0

0 0

1CCA+
0BB@ 0 0

0 0

1CCA+
0BB@ �2�1 0

0 �2�2

1CCA

�

2664
0BB@ 0 0 0

0 0 0

1CCA+
0BB@ v11(t) v21(t)

v12(t) v22(t)

1CCA
0BB@ 0 0 rd(t)� bd

0 0 rf (t)� bf

1CCA
3775

�

26666664
�2rd 0 0

0 �2rf 0

0 0 �2e(t)

37777775

�1

�

2664
0BB@ 0 0 0

0 0 0

1CCA+
0BB@ v11(t) v21(t)

v12(t) v22(t)

1CCA
0BB@ 0 0 rd(t)� bd

0 0 rf (t)� bf

1CCA
3775
|

We suppose the state that the learning process will be with steady convergence, in other

words, the variation of the estimation parameter will not change to count with new observed

value. Thus dvij(t) = 0; t 2 [t; T ]; i; j = 1; 2 and vij do not need to be considered a state

variable in portfolio choice problem.

4 The Martingale Method

We assume that the international �nancial market is free of frictions and arbitrage opportu-

nities, so there exists a probability measure which is equivalent to the historical probability

measure P with respect to a given numéraire such that the prices expressed in terms of this
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numéraire are martingales.

We select the numéraire as the riskless asset yielding rd and the corresponding probability

measure Q is the so-called risk neutral probability. The Radon-Nikodym derivative dQ=dP

is given by

dQ

dP
= �(t) = exp

�
�
Z t

0

�(�)|dZ(�)� 1
2

Z t

0

�(�)|�(�)d�

�
;

and �(�) is de�ned by means of �(t), which is

�(t) =

2666666666666664

�e(t) 0 0 0 0

0 �Bd(t; Td) 0 0 0

�e(t) 0 �Bf (t; Tf ) 0 0

0 0 0 �Sd(t) 0

�e(t) 0 0 0 �Sf (t)

3777777777777775
;
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and

�(t) = �(t)�1

2666666666666664

�e(t) + b1(t)(rd(t)� bd) + b2(t)(rf (t)� bf ) + rf (t)� re(t)

�rd�Bd(Td � t)

�f (t; Tf ) + rf (t)� rd(t)

�Sd(t)

�f (t) + rf (t)� rd(t)

3777777777777775

= �(t)�1

2666666666666664

�e(t) + b1(t)(rd(t)� bd) + b2(t)(rf (t)� bf )

�rd�Bd(Td � t)

�f (t; Tf )

�Sd(t)

�f (t)

3777777777777775
+�(t)�1

2666666666666664

1

0

1

0

1

3777777777777775
(rf (t)� rd(t)) ;

= �1(t) + �2(t)(rf (t)� rd(t));

where �1(t), �2(t) are 5� 1 deterministic functions.

In a complete market, all the risks brought about by the economic factors (the state

variables) must be embedded in the stochastic discount factor (the pricing kernel), so that

the market price of risk sums up all the relevant information available on the market.
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