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ABSTRACT

Suppose (X;1,X21), . .., Xim.X2m) and Y11,Y21), . .., (Y1p,Y2p)

are two independent bivariate random samples from populations with con-

tinuous distribution functions Fx, x,(x;X,) and Gy,,v,(y1.y2) respec-

tively. We assume that the two populations have a common mean, which is
either known or unknown. We would like to detect differences in variability
or dispersion for the two populations. However, the bivariate case seems to
have been studied far less fully than a univariate one. In this paper, we
suggest two nonparametric tests W and W* and establish the asymptotic
normality of W and W* under fairly general conditions on the underlying
distribution functions Fx, x,(x,x;) and Gy, v,(y;,y:). This asymptotic
property is very useful in investigating the efficiency of the test procedures.

#H ®

BE(X, ,X1 ), (Xim,Xem) B(Y11,Ya1 ),
o, (Y1, Yen ) B RES@ESEERE Fx1,x2 ( X1,X )
KGy,y, (V1,y2) ZEH8 IR KAME B —5t( bivariate
) BB A ; MR HEME DRR FHERZF S (mean) ,
Fgel PIREA, ERIER G , M EN HEwE R 2 M (
variability or dispersion ) EEARKE , B8 —5t (uni -
variate ) NEERSHHERE R ESETRE TN
i, BSROHE  EEERYD , B TREESERE WERW*,
WEHEEBENCFx), X2 ( X1,%e ) &BGyy, (y1,y2) WEMEE—
BEEET, THE N WRW M SRk , 8 BT FIesEs
BrE s ( efficiency ) REBSE RN,
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I. INTRODUCTION

Suppose (X;;,X21), -+ . » Xim,Xom) and (Yy1,Y2,), . . ., (Yyn,Y2n) are two
independent bivariate random samples from populations with continuous distribu-
tion functions Fx, x,(x;,X;),and Gy vy ,(¥1,¥2) respectively. We assume that the
two populations have a common mean, which is either known or unknown. We
would like to detect differences in variability or dispersion for the two popula-
tions.

It is conceivable that the sample points from the population which has a larger
dispersion will tend to be further away from the common mean. This suggests us
to define W, » to be the Mann-Whitney test statistic for the distances from the
sample points to the common mean if it is known, and to define W,":.,,, by using the
combined sample mean instead of the common mean if it is unknown.

Under the null hypothesis Hy: F = G, the distributions of W and W* are the
same as that of the Mann-Whitney test statistic. Hence both tests are nonparametric.

The asymptotic normality of Wy, o for any fixed Fx, x,(x;,X;) and Gy,.v,
(v:1,Y2) can be obtained by applying the Chernoff-Savage theorem and the fact that
the Mann-Whitney test and the Wilcoxon rank sum test are equivalent. In this paper,
we prove the asymptotic normality of Wi, ,n under fairly general conditions on the
underlying distributions Fx | x ,(x,,X,) and Gy, v ,(v,,y2). This asymptotic proper-
ty is very useful in investigating the efficiency of the test procedures.

Il. NOTATIONS

Set N=m +n.
Fori=1,...,mandj=1,...,n, define

Ul = [(Xyi - Zyn)? + Ky - Z,002 1%,
ViN = [(Yy5- Zin)? + (Y55 - Zon)? 1%,
Ui = [(Xpi - #1)* +Xpi - #2)* 1%, and
Vi = 1Yy - )+ (Yq) - mp)? 1%,
where  Z,n=(X;3+...+X;m+ Yy +...+ Y 2)/N,
Zon=Xg1 +. ..+ Xgm+ Yy + ...+ Y,n)/N, and

B = (uy ,u,) is the true common mean.

Y X RS BERE SR R e
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We define W:,,n to be the Mann-Whitney test statistic for the two samples,

ie.,

where

* * * * * *
U1N5U2N,‘-'3UmN andVlN9V2N,'-~’VnN

* TS
Wm,n = 'gl j§l Dij L

-

D=1 ifUy>Vjy foralli=1,2,...,m,

=(0 otherwise i=L2,...,n,

and Wy, , to be the Mann-Whitney test statistic for the two samples,

ie.,

where

U,,U,,...,UpandV,,V,,...,V,

m
Wan=2

=1

D;;
3
1

T

-

Dijj=1 ifU;>V; forall i=1,2,...,m,

=0 otherwise i=1,2,...,n

1. ASYMPTOTIC NORMALITY

Applying the techniques used in Chernoff and Savage (1958), Raghavachari
(1965), and Fligner (1974), we show that the limiting distribution of W:,,,, is the
same as that of W, , under fairly general conditions on the uhderlying distribution
Fx,.x,(X1,X2) and Gy, v,(y,,y,), namely that

@

(i)

(iii)

(iv)

Fx,,x,(x,.X;) and Gy,,v ,(¥1,y2) are absolutely continuous with p.d.f.’s
f(x;,x,) and g(y,,y,) respectively,

f(x,,x,) and g(y,,y,) are bounded and their partial derivatives f,(x,,x,),
f2(x1,X3), 81(¥1,¥2) and g,(y,,y,) are continuous.

f(x,,x;) and g(y,,y,) are symmetric about the common mean (u,,4,),
ie.,

for each (x, ,x,), f(u, + x;, uy +x5) = f(u, - X4, #y - X,) and

for each (y;,y,), 8(ky +y1, My +¥2) =81y - ¥y, B2 — ¥2)

The p.d.f.'s of U= [(X; - u4,)* + (X; - 4,)*1% and V = [(Y, - u,)* +
(Y,- p,)* 1%, say s(u) and t(v) respectively, are bounded and continuous. ’
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It can easily be checked that these conditions are satisfied by the usual dis-
tributions such as bivariate normal, bivariate yniform and bivariate t, etc.
Theorem 3.1.: Let (X;;,X51), ... (X,m,Xm)’—an“d (X/(“’,Y“), e, (Yin,Yy,) be
two independent bivariate random samples from populations with continuous d.f.’s
Fx,,x,(X1,X2) and Gy,,v,(¥1,¥2) respectively. If Fx,.x3(X1,X2) and Gy, v,(v1,¥2)
satisfy the four conditions stated above, then W n and W:,,n have the same limiting
distribution, which implies ' that ¥im.n = £ W) is asymptotically normal,

_ VVar (Wm,n)

providing Var(W,, ,) # 0, and m/N remains constant.
Proof: We first need several lemmas. :
Lemma 3.2.: Let{ Rp.n} and { R,',‘,,,,} be two sequences of random variables such

g P L . .
that |Rm,n - Ry a|—— 0 and Ry, ,——— R, where R is a random variable.
m,n —> e m,n —> o
* L
Then Ry, y———R.
m,n —» o

Proof: See { Rao (1965), p. 101}.

Lemma 3.3.: Suppose X,, ..., Xy, are random vectors with joint d.f. F(x,,...,
Xm ; ¥) where p is some paramater vector. Let ¥(X,, ..., Xm) be an estimate of v
such that </m@ -~ v) is bounded in probability (i.e., Given € > 0, there exists a
number b, and a positive integer M,, such that P(I9- v| > b, A/m) < € for all m >

" M,). Suppose Tm(X;, ..., Xm; ) is a sequence of statistics. If sup ITm(Xy,
[t-/mp|<c

ey Z(m‘; ::A/m)l:i—; 0 for any c, then TpX,, . . . Xpu;?) —mL_): 0.

Proof: This is an extension of Lemma 3.1 in Fligner (1974). Both proofs are es-
sentially th_e same.
Lemma 3.4.: Let Zy = (Z,N,Z,n), Where

= X tXet. o+ XintY vY 0 +Y,,
ZlN_ N , an

5 X tXoat. + Xt Yy v Yt i+ Y,y

Z,n N , and

i =(py,1;). Then \/ﬁ(ZN - p) is bounded in probability.

Proof- Let_E' >0 be given. Take b, > (2[Var(X,) + Var(Y,)]/€)%. Then, we have
PUZn- 1, |>0, /\/ﬁ) <¢g/2 for all N, by_ Chebyshev’s inequality. Similar-
ly, there exists a number b, such that P(|Z,n- p,| > b, /\/ITI) <& /2 for all
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N.
Take b = 2max(b, ,b,;). Then

P(Zn - 1l >bA/N)SP(Zyn- 1l + [Zon- 121> DA/N)
<P(IZ;n- 1113 [max(by,b) ] A/N)+
P(1Z,n - #,13> [max(by,by)1 A/N)
SP(Zyx- #12 byA/N) + P(1Zyn - 1713 b,A/N)
<g€/2+€/2= Eforall N.

Hence \/ITI(_ZN - ) is bounded in probability.
Without loss of generality, we can take u; =u, =0. Now, fix t; and t,. For
i=1,...,mandj=1,...,n, define )

U= (X2 + X2,)%, V= (Y5 + Yo%,

URE = (K - AR +(Xai - A/NPT%, VA =10V~ thA/R)? + (Y-t /MO 1%
S,,(x) = [number of (Xy;,X,;) such that U; < x]/m,

Tn(x) = [number of (Yy;,Y,;) such that V; <x]/n,

Hy(x) = AnSm(X) + (1 - AN)T, (x), where Ay= m/N,

S**(x) = [number of (X;;,X5;) such that Uy’ <x]/m,

TX*(x) = [number of (Yy;,Y ;) such that Vf; <x}/n, and

HE* (%) = ANSi¥(x) + (1 - Aw)Ta *(x). Define also

‘Mz

InG/N) N

=1 1
Tn=4 1

. ING/N)Zy, Tn=

Lk

i
where Jy(i/N) = /N, Zy; = 1 if the it? smallest of N observations is a U
= 0 otherwise,
Zxy =1 if the ith smallest of N observations is a u** -

= 0 otherwise, and

S(x) and T(x) are d.f.s of U and V respectively.
As in Chernoff and Savage (1958), Ty and Tn have the following integral re-
presentation
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Tn= f o IN(HN(X))dS (%), Tn= L In(HE*(x))dSE* (x).

Throughout our proofs K will denote a generic constant which will not depend
on mn,N. Let Iy be the (random) interval in which 0 < Hy(x) < 1, and I;* be the
(random) interval in which 0 < H;*(X) <1, and throughout this section let Jy(x) =
J(x) = x.

Proceeding as in Chernoff and Savage (1958) and Raghavachari (1965), we can

* - write

Th= [ In R 00)ash* )

UINGHR") - JHRIdSh 00 + [

O<HN'<1

-
o<Hy'<1

In the second integral on the right write

J(HE*)ASE* (x).

dspt =d(Sa* - S+S),

(Hy - )2

J(HN") = J(H) + (HR* - HDV'(H) + 37 yHY* +(1- pH}, 0<y < 1.

After multiplying out, the expression becomes
, 6
Tn=A™ +B{" +B3y + Z CY
l:
where

A™ = ,[ 0<H<1 J(H)AS(x),

*%

BN = J’ JH)YAISE* 9 - S(x)],
O<H<I

By = f (HN" - H)J'(H)dS(x),
0<H<1

* %

CiN =y J’ (Sm™ - S(HYA(SEx) - S(x)),
O<H<1

G =-w) [ (T IS o0 - s,

(HY' - H)?
o = [ o T IR + (1 - yHMSE 00, 0<y <1,

N 2
Con = [ o, € 36D - G- YT ADYAS (o),
CN = [ o UGN - I NASE” (0,

N
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Con = o INGHR)SE (0.

N

Lemma 3.5.: For every t,, t;, we have /N(Ty- TN)_N_—I»;: 0, which implies
m n
that S0 =m*n12 Z {@(X - th/RY; - tA/N) - 2%, Y} === 0,

i=1l j=1

where ®(x,y) = 1 if x| > Iyl

= 0 otherwise.

Proof: A*" is the same as A of Chernoff and Savage (1958), and is finite. We need
to show that for fixed Ay,

(1)

\/N-(B:; + B:;) - \/ﬁ(Bm'* B,N) —&—_-l:-—: 0, and
\/NC:‘N* ;% Qfori= 1,2,3,4,5,6.
Claim \/N(B:I: + B;l:) - \/ﬁ(BxN*‘ B,n) -N—i:v 0.

*%

_ %% _ = Q** _
Biv= [, JODAISET00 - SC0) [ o HAIS2°00 - SGO),

since J(H) = H,
wok _ L , _ " i e
Ban = J. o<|-l<1(HN H)J'(H)dS(x) J; <H< I(Hx: H)dS(x), since J'(H)=1.

Integrating B}y by parts and using the fact that _‘; dHET -H) =0,
we obtain ‘

BjN + By = J':nNS(x) +(1 - M)TEO1AISH(X) - S(X)]
[ ASEOAISE ) - 8001
- j (- WSEHIT, 00 - Teol
ST, [T To0dish* 00 - 5001 - [, seoartt*eo- ooy

= (1-A){m! }g‘l [T(U;y )>-E(T(U)]-n" ,2, [S(Vi)-E(S(VNIL.

Similarly, B, +B,y=(1-An) { m™! -%1 [T(U,)-E(T(U))]

_pt ,’3, [S(V;)-E(S(V) } .
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Hence+/N(Bx +B)x )- \/—(Bm"'an)
=V/R(i-Aw) {m™ 2 [TUH)-TU)I-n z [S(Vi)-S(VDI} -
LetLNt—l/\/N 2 [T( UIN) T(U)]
=] /\/ﬁ;zl [M(X,i- t A/N X t, A/N)-M(X X0,
where M(x,y) = T[(x>+y?)"],
- i>"=‘:1\/1T1[M(xli-t,/\/ﬁ,xﬁ-tz/\/ﬁ)—M(x,i,xﬁ)] .
Note that/N [M(Xli——\/t—_;—,Xzi—% )-M(X,;,X:)]

Etl itay_ b .__E_it_x £it,
_\/N M(Xln \/-—XZI \/—) \/— 2( 1i \/N-axh \/-—)]

by the Mean-Value Theorem for several variables,
where 0 < §, <1,

M, (cy) = I = (2 + y2)it((x2 +y?)%), and

oM(x,
M,(x,y) = ———(;‘y” =

y(x2+y?) A t((x2+y %),

£jt, Eit,
Fits X - iy,
R R)

Eit, £it
=-t,M;(X;i- == Xzi‘\}— M,(Xy; -

\/ﬁ ’
By the assumptlon that g is bounded, the p.d.f.

t(v) = VJ’ g(vcos0 vsind)do for 0 <v<eo
Kv

Hence M, (x,y)| = [x(x2+y2) " t((x? +y?)*)|<K|x|, and
IMa(x,)| = ly(x®+y?) *t((x* +y*)*)I<Kly|, which implies
t, )
that K/NIMCGi- . Xan '5—&‘)- M(Xy1.Xz0)]|
<ItylIM, (X5~ \/—1 Xz: 2)|+|'52”1\'12(X1; fity Xzi‘t—itl)l

W VN
SKOX i1t D + KX+t 1),
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It follows that by an application of Chebyshev’s inequality,
P(m™! = { V/RIMKui- e Xaim 30~ M1, Xa0)] - B/RIMGK3 - 0. Xai= )

- M(Xy1.Xa0])} B €)
2 EC(VNIM(X,; - 4 X =220 - MG Xa] 1)

< m2 82

< mE([K(IX, [+it;]) + K(IX, [+]t,1)1?) .
= m2€? ‘N— oo

Also, by the dominated convergence theorem and the assumption that t
is continuous, '

Ba/NIM(X; = Xai = ) - M(Xyi.Xa)])

tit, Eit, £it, Ejt,
=E(-t;M;(X;; - ﬁ,xzi - \}ﬁ )= M (X5 - ﬁ sh2i ‘L—,ﬁ))
— — H, E(M;(X13,X5i)) - tEMp(X45,X2:)).
N = oo
Further,

EM(X;;,Xa)) =J._~Lw X1 (X 24x,2) 2 H((x 2 +x,.2) (X, )dX, dX

= 0, by the assumption that f is symmetric about the
mean (K,,4,).
Similarly, E(M,(X;,X3;)) = 0.

Therefore, m™! E \/—[M(Xu 21~ \—t/—’,;)— M(Xu,xzi)]‘ﬁ—i—; 0.

\/—’

Accordingly, Ly, t — 0.

eN— o

In a similar manner we can show that

1 B %% P ' g e s .
TR ]El [S(V;n) - S(V)] o 0, from which it implies

that
VN@BY +Bi) - \/"(B1N+B2N)—»0

(2) Clalm\/_C ———+0 for i=1,2,3,4,5,6.

The proof for the negligibility of the C** - termsis briefly indicated. We
- 73 —
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first note that J(H)=H in this problem. The discussion of C’:; term is
analogous to the argument used by Chernoff and Savage (1958) in their
treatment of the term C, 5. To deal with C2N , write

T, (x) - T(x) = (T *(x) - T*(x)) + (T*(x) - T(x)) and
Sm (%) = S(X) = (SE*(x) ~ S*(x)) + (§*(x) - S(x)) where

$*x) =P(I(X, - %)2 +(X, - 5;;)21* <x), and

TA) = PU(Y 1 - 5 + (Vs ~ 2P 1% <),

2
f)

and collect the terms it can be shown as in Raghavachari (1965) that C**
= 0p(N"*). The terms Cy, Cyn» Con, Cyn can be shown to be op(N‘”)
since J(H)=H.

This completes the proof of Lemma 3.5.

Applying the technique used in Fligner (1974), we need the following lemma.

Lemma 3.6.: Choose § > 0, for any integers r and s, let

Hr,s,n(Z(,Y,E)= Sup 12(X-2,Y - 2) - D(X- (- \/I-q JN)Y = \/-N \/-ﬁ))l

T z) sty
\/T<Zz <t2
Then
(1) E(H.,n(X,Y (":‘/’_” ‘:};_38))) K,8A/N for some K,, and
(2) E([H,, (X Y,,(‘”j_’6 "}”)) E(H, . n(X;, Y; <<3gﬁ “j,;_” ]
*[Hy o KoY R O3 - B,y n (K, Y (20 S0y
N——- 0 for any i, j, k, €.

Proof: (1) Without loss of generality, we can taker =s = Q.

By definition, H, o, n(X [P(X~ z2,Y-2)- ¢I>()_(,¥)I.

,Y Y. 2o = sup
R 0<z, <6A/N
0<z,<6A/N

We claim that if | [X| - [Y| | > 45A/N then Hy, o n(X,Y, (2w = 7.)) 0.
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Case (a) Assume X[ - |Y|> 484/N.
X-zI- 1Y - 21> (XI - lz21)- (1Y1+1z])
= |X1-1Y]- 2|zl
>48A/N- 2iz|
>0if 0<z,<5A/N and 0<z,<54/N.
Case (b) Assume |Y|- |X|>45A/N.
Similarly, we have |Y-zl- [X - z|>0if 0<z, <§A/N
and 0<z, <8A/N.

Combining cases (a) and (b), we have shown that if

| 1X1 - 1Y11>48//N  then Ho,on (XY 220 =0.

Therefore, E(Ho,on(X.Y.(75 500

_ 58

= P(Ho,o,N(._XsY,(\/—ﬁ' ﬁ)) 1)

<P( IXI- Y | <45A/N)

<K,5A/N, by the assumption that the p.d.f.'s of

iXland Y| are bounded.

This completes the proof of (1)

(2) Follows easily from (1).
Now, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1: In order to show that W:,,n and W, , have the same limiting

distribution, it is sufficient to show that

sup |Sn(t)l N%:» 0, where
Iiti<c

Sn(t)=m *n"! g n§ { B(X; - E/\/N’Yi -f/\/ﬁ)- ®(X,.Y;) },

1j=1
where ®(x,y)=1 if x| > |yl
= ( otherwise,
w ;1,n‘E (Wm,n) _ wm,n‘E(wm,n) = w:n,n'wm,n

VVar (W, o) VVar(W, 0 Var(W 1)

by the facts that

m n - —
mn Tz 2 {0 (X -ZnY- 2N - 2 Yp)
i=1 j=1 -

m%n"\/Vu (wm'n)
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and m~%n! /Var(Wm,n) is a constant for any m,n such that m/N remains
constant (see Gibbons (1971), p.158-160 and p.166—167), and
by Lemmas 3.2, 3.3 and 3.4
Let €,, £, > 0 be given. Set 6 = £€,/2K, , where K, is the bound described
in (1) of Lemma 3.6.

(i) Since the unit disc { E:I:cl <c} can be covered by a finite number, say M,
of squares with léngth § of eagh side, we have

P( sup [Sn(D)I>€)< Z P(  sup ISN(DI>E,),
lti<c MPpairs  r5<t) <(r+1)8
of (1,8)  s5<t, <(s+1)8

(ii)) For any integers r and s, we claim that there exists a positive integer
N;,s such that
‘P( sup ISn(DI>€,) <&y/MforallN =N,
ré<t; <(r+1)é
s6<t,<(s+1)6

Consider 16 <t, < (r+1)8 and s8 <t, <(s+1)8. By definition,
Sn(t) = S5, n (1) + SN ((15,56)), where

-% -1 -
Sr.s,n(D)=m¥n .‘3,21{4’(’(' \/-,Y, f) - (g T G D).

'Then ISe, ¢, ()]

_ _ ré
<m *%n llzllzllcb(x \/_, \/-) ®(X; (\/_ \/E)Y (\/,-q \/ﬁ))l

m n
<m*n!'y X H X..Y, (r+1)8 (s+1)5
= i=1j=1 ",S,N(,_ l’_j’( \/ﬁ \/— ))

= =%l (r+1)6 (s+1)8
m “n 121 ]? {HrsN(Xla j’( \/ﬁ , \/ﬁ ))

- B(H, o O Y (22 €200}

+ M E(He o n (XY (7 C20)).
By Lemma 3.6 (1), we have

[Se,6,N(D)I < Zy+ m*N-*K,8 <Zy +€, /2, where
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m n
Zy =m0t 2 2 {H,, NOK Y (R G0y,

- E(H, , N(X.,Y,,(“j/‘_’“ G103,

Since Zy does not depend on ré <t, < (r+1)6 and s6 <t, <(s+1)3,

it implies that sup ISe, o, N(DIS<Zn+€,/2.
r6<t, <(r+1)5
s6<t,<(s+1)8

Further, E(Zy2?)

—1 ~2

1)8 )&
| E((Ho o n (K.Y, (02 €200

=m

"MB

n
E

*MS
L

=12

-

_ Ly, ((rt1)8 (s+1)8
E(Hr,s,N(z(an( \/ITI , \/— )))]

. (r+1)8 (s+1)8
[Hr,s,N(z(ka¥Q9( \/ﬁ i \/ﬁ ))

= Bl o n i Yo (722 S22 M)

and fori#kandj#&,

E([Hy o, n 0, Y5, (g 0000 - B(Heon (K0,Y;,(2 C500)]

*[Hp o n Xk, Yo ,(‘”"5 ““’5)) E(H, o n(Xs,Ye ,(";;’5 “j;_’“)))l)

= Q.
‘Then E(Zx?) o= 0 by Lemma 3.6 (2), which implies that

Zn Ni—u’ 0 by Chebyshev’s inequality.
Since Sn(t) = Sp,s,n(t) + Sn((18,58)), it follows that

sup -~ ISy(DI< sup Sy,s,N (DI + ISn ((18,56))]
r6<t,<(r+1)d 16<t, <(r+1)d
$8<t, <(s+1)8 $6<t, <(s+1)5

SZy+ €/2 +|Sn((r8,s8))].
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By the result that Zy ﬁ_i_: 0 and Lemma 3.5, we have

Zn + ISn((16,58))| ;%:- 0, which implies that there exists a positive
integer N, ; such that

P(Zy + |Sn ((18,58))] > €,/2) < €;/M for all N> N, ,.

Hence P( sup  ISN(DI>E,)
<t <(r+1)8
s8<t, <(st1)d
< P(Zy + |Sn((r8,58))1 > £,/2)
<&,/MforallN=N,,.
(ili) Take No= max { N, }. From (i) and (ii), we obtain
M pairs
of (1,s)
P( supiSy()I>€)< I B sup  [Sn(t)I>€)
Itl<c M pairs ré<t,<(r+l)é

of (r,S) 88<t2<(s+1)6‘
<M-g,/M=¢g, foralN=N,.
This completes the proof of Theorem 3.1.
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